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Experiments on Control of Limit-Cycle
Oscillations in a Typical Section

Kenneth D. Frampton¤ and Robert L. Clark†

Duke University, Durham, North Carolina 27708

The experimental application of active control to reduce or eliminate limit-cycle oscillations in a typical section
airfoil is presented. The test rig consists of a three-degree-of-freedom typical section which has free play in the
� ap restoring stiffness. Such a free play was intended to mimic that associated with control surface mechanism
backlash in a real system. Control is effected by meansof an actuator acting on the � ap.A linearquadraticGaussian
optimizationscheme is used to design a compensator that will accomplish three goals: 1) reduce or eliminate limit-
cycle oscillations, 2) increase the � utter boundary, and 3) be robust to variations in the � ow velocity. Although the
typical section is a nonlineardynamicsystem, the control system design was based on the linear typical section with
no free play. The results presented indicate that each of these goalswas accomplished. More speci� cally, limit-cycle
oscillations were eliminated, the � utter velocity was increased by 17%, and the control system was stable over a
wide range of � ow conditions.

Nomenclature
J = cost function
Qe = disturbance noise weight
Qr = performance weight
q� ap = � ap-sensor voltage
qpitch = pitch-sensor voltage
qplunge = plunge-sensorvoltage
Re = sensor noise weight
Rr = control effort weight
Tzw = disturbance-to-performance system transfer function
U = � ow velocity
u = control voltage
w = disturbance input vector
y = sensor output vector:{qpitch qplunge q� ap}
z = performance vector

Introduction

A SERIES of investigations has been undertaken to investigate
limit-cycle oscillations in a typical section with free play and

to demonstrate the effectiveness of feedback control in improving
the aeroelastic response.1 ¡ 4 Previous investigations studied the re-
sponse of a three-degree-of-freedom typical section model with a
control surface both analytically and experimentally.1 This study
revealed the limit-cycle behavior of the system throughout the sta-
ble � ow regime. This behavior included a chaotic transition region
among other interesting limit-cycle patterns.

Many other references exist for the modeling and analysis of
nonlinear aeroelastic systems such as those in Refs. 5–13. Results
presentedbyVippermanet al.2 servedto demonstratethat thecontrol
surface can be used to provide successfully gust alleviation and
extend the � utter boundary for a three-degree-of-freedom, linear,
aeroelastic model. Vipperman et al.3 also demonstrated that robust
control strategies can be applied in the design of compensators for
a family of dynamic pressures.

The purpose of this investigationis to experimentally implement
linear quadratic Gaussian (LQG) control for the purpose of dimin-
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ishing or eliminating this type of limit-cycle oscillations. The ap-
proach taken here is to design an LQG compensator based on the
typical section with no free play (i.e., the control system is designed
based on a linear system). This compensator is then used to close
the loop around the nonlinear typical section with free play in the
� ap-restoringforce. The typical section model, experimentalsetup,
and controlsystemdesignare describedin subsequentsections.This
is followed by a presentation and discussion of the results.

Experimental Equipment
The experimentalequipment is describedin this section including

the typical section model, the low-speedwind tunnel, and the signal
processing test equipment.

Typical Section Model
The experimental model is shown in Fig. 1. This is the same

experimental equipment employed by Vipperman et al.2,3 and very
similar to that studied by Conner et al.1 The wing was based on a
NACA-0012 airfoil shape consisting of a main wing with a 19-cm
chord and 52-cm span and a trailing-edge� ap with a 6.35-cmchord
and 52-cm span, which rotates relative to the main wing about a
pinned axis.

The pitch and � ap positions were measured with rotational vari-
able displacement transducers (RVDTs) mounted to the upper ends
of the � ap andwing rotationalaxes to measure the angularde� ection
of each airfoil independently.The pitch positionwas also measured
with an RVDT mounted to ground and attached to the upper support
platform for the wing. The three RVDT signals serve as the control
system inputs as well as the performance variables for the control
system design. A more detailed description of the typical section
hardware is provided by Conner et al.1 and by Vipperman et al.2,3

This system had a � utter velocity of 18.8 m/s, and the resonant fre-
quencies associated with the pitch, � ap and plunge motion are 3.7,
15.0, and 7.0 Hz, respectively.

Flap Stiffness Free Play
The nonlinearity in this system resulted from free play in the

� ap-restoring force. Such a free play was intended to mimic that
associated with control surface mechanism backlash in a real sys-
tem. The � ap stiffness was provided by a thin steel rod that was
cantileveredoff of the � ap rotational shaft. The other end of the rod
could be rigidly anchored to the wing base. Or, as was done in these
experiments, the end of the rod could be permitted to � oat between
two stops. When in this con� guration, the � ap stiffness was zero
within this free-play region. When the � ap stiffness rod struck one
of the boundary pins, it reverted to its linear stiffness con� guration.
This resulted in a piecewise, nonlinear restoring force.1
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Fig. 1 Photograph of the
typical section experimen-
tal model mounted in the
Duke University low-speed
wind tunnel.

Wind Tunnel
All tests of the two-dimensional wing model were performed in

the Duke Universitywind tunnel.The wind tunnel is a closed-circuit
tunnelwith a test sectionof 0.70 £ 0.51m anda lengthof 1.22m (see
Fig. 1). The maximum attainableair speed is 89 m/s. For the present
test the Reynolds number based upon model chord is 0.52 £ 106 .

Signal Processing
Both analog and digital signal processing equipment were used

to implement the control systems and measure the performance.
The control systems were discretized and implemented using a
TMS320C40-based digital signal processor (DSP) board installed
in a personalcomputer.Analog, high-passgain ampli� ers were used
to increase the sensor signals in order to take full advantage of the
DSP board’s dynamic range.

The time trace data and frequency-domain signal analysis were
performed using a four-channel Siglab spectrum analyzer. System
identi� cations were performed for the purpose of control system
design. This was accomplishedby curve � tting the measured linear
system transfer functions for each of the three control path transfer
functions using SmartID software.14 The system was made linear
by setting the � ap free play to zero. Hence, all control system de-
signs are based on a linear model identical to the nonlinear model
excepting the free play. The derived state-space models contained
18 states and agreed very well with the measured transfer functions.
The states of this model were of mathematical construct and have
no speci� c physical interpretation.

Control System Design
The block diagram of the model presented in Fig. 2 was used to

synthesizethe controllersfor the purposeof this work. The � rst step
toward compensator design was to obtain a system identi� cation
based on the linearizedmodel (i.e., no � ap free play). Then, an 2-
synthesistechniquewas employedto designcompensatorsat several
discrete � ow speeds (U = 1, 2, 3, . . . , 18 m/s). In previous work3 a
singledynamic compensatorwas designed to operate over the entire
� ow regime; however, for the purpose of this study, the objective
was to determine the ability of the control system to eliminate limit-
cycle oscillations (LCOs) at each � ow speed.

Both process noise and sensor noise were used as disturbance
inputs, and the cost function was constructed from the square of the
2-norm between the error z and the disturbance w (see Fig. 2). The
cost function, which was minimized, can be expressed mathemati-
cally as follows:

J = lim
t ! 1

(E[zT (t )z(t )]) = k Tzw k 2
2 (1)

where Tzw is the closed-loop transfer function between z and w. For
the purpose of this work, the disturbance w was composed of both
processnoise and sensornoise as is typicalof LQG design.The error

Table 1 Compensator design weights

Flow Control effort Sensor noise
velocity, m/s penalty, Rr weight, Re

7 0.04 0.5
8 0.10 1.0
9 0.10 2.0
10 0.10 2.0
11 0.10 2.0
12 0.10 2.0
13 0.10 2.0
14 0.10 3.0
15 0.10 3.0
16 0.10 3.0
17 0.10 3.0
18 0.10 3.0

Fig. 2 Schematic of the control system design.

outputs z were constructed from a scalar weighting of the response
in wing pitch, plunge, and � ap position as well as a control effort as
follows:

z =
Q

1
2
r 0

0 R
1
2

r

y

u
(2)

where Rr is a scalar, y is a vector containg the pitch, plunge and
� ap sensor voltages, and u is the control actuator input voltage.The
weighting matrix Qr is de� ned as

Qr =

qpitch 0 0

0 qplunge 0

0 0 q� ap

=

1 0 0

0 5 0

0 0 1

(3)

which affects the relative weighting of the pitch, � ap, and plunge
performance variables. Note that the input u was penalized to pre-
vent excessivecontrol voltages.These design parameterswere � xed
overall � ow speeds investigatedand were selectedto make each per-
formance measure scale equally.The � nal control effort penalty Rr

and the sensornoiseweights Re are listed in Table 1. In each case the
valueselectedwas themaximumvaluethat resultedin eliminationof
the limit-cycle behavior. Thus, each value represents the minimum
control effort required to achieve the desired performance.

Results
Results from the experimental investigationare presented in this

section. Open-loop limit-cycle data will be discussed � rst followed
by a discussionof the applicationof LQG control to alleviateLCOs.
Next, theabilityof thecontrolsystemto increasethe � utterboundary
will be presented along with a discussion of the robustness of the
compensator to variations in system parameters.

Open-Loop Limit-Cycle Behavior
Previous investigationsof the LCOs exhibitedby this typical sec-

tion model in a slightly different con� guration were published by
Conner et al.1 The typical section model in its current con� guration
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Fig. 3 Limit-cycle behavior for U = 7 m/s.

Fig. 4 Limit-cycle behavior for U = 15 m/s.

showed a slightly different LCO behavior. Most notably, the cur-
rent con� guration did not have the chaotic LCO transition region
demonstrated by Conner et al.1 Figure 3 shows several cycles of
a typical limit cycle for the pitch, � ap, and plunge motion when
U = 7 m/s. Note that the � ap exhibits a tap-tap motion against one
side of the free-play region (limits of the free-play region are de-
noted by the dashed lines). This behavior was also noted by Conner
et al.1 Figure 4 depicts the limit-cycle oscillations for a � ow veloc-
ity of U = 15 m/s. Note that the tap-tap behavior is still present;
however, it has shifted to the other side of the free-play region.

Fig. 5 RMS limit-cycle amplitude.

Fig. 6 Compensator performance for U = 7 m/s.

The rms amplitudeof the LCO motion is shown for all stable � ow
speeds in Fig. 5. Note that the limit-cycle motion begins at a � ow
speedofU = 7 m/s, and the amplitudegrows steadilyuntil it reaches
the � uttervelocityofU = 18.8 m/s. These resultsare consistentwith
those reported by Conner et al.1 as well as Vipperman et al.2,3

Limit-Cycle Alleviation with LQG Control
An LQG compensator was designed based on a linear sys-

tem identi� cation for each � ow speed as already described. The
effectiveness of this approach is demonstrated in Fig. 6 for a � ow
speed of U = 7 m/s. This � gure shows a time history of the airfoil
pitch, � ap, and plunge motion in limit-cycle motion as well as the
control signal. After approximately 2 s of LCO motion, the control
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Fig. 7 Compensator performance for U = 12 m/s.

system was activated. (The exact time of control system initiation
is apparent in the control voltage plot). Note that after the con-
trol system is activated the limit cycles are quickly reduced. The
system settles into a dominantly low-frequencymotion (clearly ap-
parent in the � ap motion plot), which gradually decays with time.
The system also exhibits a low-amplitude limit cycle at the open-
loop LCO frequency. This lightly damped, low-frequency motion
only occurred for � ow speeds below U = 9 m/s. Above this � ow
velocity the control system succeeds in eliminating the oscillatory
motionof the airfoilaltogether.This is demonstratedin Fig. 7, which
shows the time history for U = 12 m/s. Again, the airfoil is moving
in its limit-cycle motion, and the control system was activated after
approximately 2 s. When the control system is engaged, the limit
cycle quicklydecays, and the airfoil settles into a nearly static equi-
librium. The system is stabilized with the � ap positioned inside the
free-play region.This indicatesthe control system is providingmost
of the restoring force for the � ap motion. It also indicates that the
aerodynamicequilibrium of the � ap position is inside the free-play
zone. At higher � ow velocities this was not the case.

The control systemcontinuedto be effectivethroughouttheopen-
loop stable � ow regime.Figure8 shows the closed-loopresponsefor
U = 17 m/s. Once again the limit-cycle oscillationsquickly dimin-
ish, and the airfoil settles into a static equilibrium.In this case, how-
ever, the system is stabilized with the � ap positioned at one edge of
the free-play region. Ideally, the system would reach an equilibrium
with the � ap in the centerof the free-playzone.However, in practice
imperfections in the airfoil result in small asymmetries in the aero-
dynamic forces on the airfoil. These asymmetries cause the system
to come to rest off center.

Flutter Control and Robustness
Although it has been demonstrated that the control approach is

effective at eliminating LCOs, the control design can also increase
the � utter velocity of the system. This is demonstrated in Fig. 9,
which shows the system impulse response for U = 19 m/s and with
the compensator designed for U = 18 m/s activated. Equal ampli-
tude force impulses were applied to the plunge carriage mecha-
nism with a modal hammer � tted with a force transducer. Note
that the system in Fig. 9 is operating above the open-loop sys-
tem � utter boundary. As is demonstrated in Fig. 9, the system is
asymptotically stable under these conditions. This stability was
maintained up to U = 22 m/s and remains stable. When the wing

Fig. 8 Compensator performance for U = 17 m/s.

Fig. 9 Compensatorperformancebeyond the open-loop� utter bound-
ary, U = 19 m/s.

was excited at U = 22 m/s, then it entered a limit-cycle oscilla-
tion. Increasing the � ow velocity any higher resulted in an unstable
system. This represents a 17% increase over the open-loop � utter
velocity.

Finally, the compensator design is also robust to signi� cant vari-
ations in the � ow velocity. This was demonstrated by closing the
loop on the system and changing the � ow speed in the wind tunnel.
As an example, the U = 18 m/s compensator design was used to
control the airfoil as the � ow velocity was varied from U = 0 m/s
up to U = 22 m/s. The system was stable throughout this range of
� ow speeds.An example of the system responseis shown in Fig. 10,
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Fig. 10 Performance of the U = 18 m/s compensator at U = 8 m/s.

which shows the system impulse response at U = 8 m/s and with
the control system designed at U = 18 m/s activated. Note that the
compensator is very effective at eliminating LCO response. Simi-
lar behavior was noted throughout the � ow-speed range of interest.
This result could be of great bene� t to control system designers. If
a single compensator can be designed to control the system over a
wide range of � ight conditions, then a signi� cant savings in system
complexity and computation would be realized.

Conclusions
An experimental investigation into the active control of LCOs in

a typical section with free play has been described. The discussion
included a description of the experimental model, the instrumen-
tation and testing facilities, as well as the control system design
process.Results presenteddemonstratedthat this approach is effec-
tive at eliminatingLCO behavior for the studied model. The control
design was demonstrated to be robust and stable over a wide range

of � ow speeds. Furthermore, the � utter boundary was increased
by 17%.
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